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A NOTE ON SEQUENTIAL WARPED PRODUCT MANIFOLDS 


S. SHENAWY 


Abstract. In this note, we introduce the notion of sequential warped product 
manifolds, to construct a wide variety of warped product manifolds and space- 
times. First we derive covariant derivative formulas for sequential warped 
product manifolds. Then we derive many curvature formulas such as curva¬ 
ture tensor, Ricci curvature and scalar curvature formulas. Some important 
consequences of these formulas are stated. This article also provides character¬ 
izations of geodesics and two different types of conformal vector fields, namely, 
Killing vector fields and concircular vector fields on sequential warped product 
manifolds. 


1. An introduction 

O’Neill and Bishop defined warped product manifolds to construct Riemannian 
manifolds with negative sectional curvature [ 7 ]. This notion plays some important 
roles in differential geometry as well as in physics [TM 3 l[ 5 l[ 6 l H 4 lfl 7 . 

Doubly and multiply warped product manifolds are generalization of (singly) 
warped product manifolds P3J [201 (22- In this article, we define a new class of 
warped product manifolds, namely, sequential warped products where the base 
factor of the warped product is itself a new warped product manifold. Sequential 
warped products can be considered as a generalization of singly warped products. 
There are many space-times where base, fibre or both are expressed as a warped 
product manifolds m ■ First we introduce the new concept. 

Definition 1 . Let Mj , i = 1 , 2,3 be three Riemannian manifolds with metrics gi. 
Let f : Mi —>• ( 0 , oo) and f : M\ x M2 —> ( 0 , 00) be two smooth positive functions 
on Mi and Mi x AI2 respectively. Then the sequential warped product manifold, 
denoted by (Mi x f M2) Xf M3, is the triple product manifold (Mi x M2) x M3 
furnished with the metric tensor 

g = (51 © / 2 52) ® f 2 g3 

The functions f and f are called warping functions. If ( Mi,gf),i = 1 , 2,3 are all 
Riemannian manifolds, then the sequential warped product manifold (Mi x f M2) x j 
M 3 is also a Riemannian manifold. 

Let (Mi,gi),i = 1 , 2 be two nt— dimensional Riemannian manifolds and / : Mi x 
M 2 —> ( 0 , 00) and / : Mi —>■ ( 0 , 00) be two smooth functions. Then (m +712 + 1) — 
dimensional product manifold I x (Mi x M2) furnished with the metric tensor 

(1-1) g = — f ~ dt ~ © (51 © / 2 <?2) 

is a standard static space-time and is denoted by M = /j X (M, x/ M 2 ) where I 
is an open, connected subinterval of R and dt 2 is the Euclidean metric tensor on 
I. Note that standard static space-times can be considered as a generalization of 
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the Einstein static universe Also, (m + n 2 + 1)— dimensional product 

manifold (I x Mi) x M 2 furnished with the metric tensor 

(1.2) g = - dt 2 © f 2 (gx © fg 2 ) , 

is a generalized Robertson-Walker space-time, where / is an open, connected subin¬ 
terval of M, / : I —> (0, 00 ) is a smooth function, and dt 2 is the Euclidean metric 
tensor on I. 

In ( 19] , there are many exact solutions of Einstein field equation where the space- 
time may be written of the form / x (Mi x M 2 ) with metrics of the form ll.ll and 

IQ 

Remark 1 . If the warping function f is defined only on Mi, then we get the 
multiply warped product manifold Mi x f M 2 x j M3 with two fibres. 

Remark 2 . The multiply warped product manifold of the form Mi x f x M 2 x f 2 M3 
is the product manifold Mi x (M 2 x f 2 M3) equipped with the metric 

9 = 9i + f 'i Q‘2 + figs 

where fi and fi are positive functions defined on Mi. 

Remark 3 . The warped product of the form Mi x f x (M 2 x f 2 M3) furnished by the 
metric 

9 = 9 i + fl (92 + figs ) 

is called the iterated warped product manifold of the manifolds Mi, M 2 and M3. As 
a metric space, the iterated warped product manifold is equal to the sequential warped 
product (Mi Xf M 2 ) Xj M3 where f = fi and f = fif- 2 . Similarly, a sequential 
warped product (Mi x f M 2 ) x j M3 with separable function f : Mi x M 2 —>• R is 
equal as a metric space to the iterated warped product manifold. Thus the sequential 
warped product manifold is a generalization of the iterated warped product manifold. 

In this article we study some geometric concepts such as curvature, geodesics, 
killing vector fields and concircular vector fields on sequential warped products as a 
generalization of both multiply warped product manifolds and iterated warped man¬ 
ifolds. In section 2, we derive covariant derivative formulas for sequential warped 
product manifolds. Then we derive many curvature formulas such as Ricci curva¬ 
ture and scalar curvature formulas. In section 3, we derive a characterization of two 
disjoint classes of conformal vector fields on sequential warped product manifolds. 

2. Curvature of Sequential Warped Product Manifolds 

The covariant derivative formulas for sequential warped product manifold (M 1 x f M 2 
M3 are given as follows. 

Theorem 1 . Let M = (Mi x f M 2 ) x jM 3 be a sequential warped product manifold 
with metric g = (g\ © f 2 g 2 ) © f 2 gs and also let Xi,Yi £ X(Mi). The 

(1) v Xl Yi = 

(2) V Xl *2 = Vx 2 X, = Xi (In/) X 2 

(3) Vx 2 y 2 = X 2 x Y 2 - fg 2 (X 2 , Y 2 ) grad 1 / 

(4) Vx 3 l! = V Xl X 3 = Xi (In f) X 3 

(5) Vx 2 X 3 = Xx 3 X 2 = X 2 (In f) X 3 

(6) Vx 3 y 3 = X 3 x Y 3 - fg 3 (X 3 , y 3 ) grad/ 

Proof. Let M = Mi x f M- 2 with metric g and Riemannian connection V. Now the 
proof is direct by applying Lemma (7.3) in [7] on M x j M3 and then on Mi x f 

M 2 . eh 
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Theorem 2. Let Ad = (Mi x f M 2 ) x j M 3 be a sequential warped product manifold 
with metric g = (g 1 © f 2 g 2 ) © / 2 <?3 and also let Xi,Yi, Zi £ £(Mj). TTien 

(1) Rp^yozi = i? 1 (x 1 ,y 1 )z 1 

(2) R (X 2 , Y 2 ) Z 2 = R 2 {.X 2 , Y 2 ) Z 2 - 11grad 1 /1| 2 [g 2 (X 2 , Y 2 ) Y 2 - g 2 (.Z 2 , Y 2 ) X 2 ] 

(3) R (X U Y 2 ) Z 3 = =f H{ (X u Zx) y 2 

(4) R (XuY 2 ) Z 2 = fg 2 (Y 2 , Z 2 ) V^grad 1 / 

(5) R(XuY 2 )Z 3 = 0 

(6) R(X i ,Yi)Z j = 0 ,i^j 

(7) R (Xi, Y 3 ) Z t = y Hf (Xi, Z^ Y 3 , i, j = 1,2 

(8) R (Xi, Y 3 ) Z 3 = fg 3 (Y 3 , Z 3 ) Vx.grad/, * = 1,2 

(9) R (X 3 , y 3 ) ^3 = R 3 (X 3 , Y 3 ) Z 3 - 11grad/]| 2 [53 (X 3 , Y 3 ) Y 3 - g 3 (Z 3 , Y 3 ) X 3 \ 

Proof. The proof is direct. First, let M = M\ x /M 2 with metric g and Riemannian 
connection V. Then apply Lemma (7.4) in [7\ on M Xy M 3 and then on Mi x / 
M 2 . □ 


Now consider the Ricci curvature Rzc of a sequential warped product (Mi x f M 2 ) x 1 
M 3 . 


Theorem 3. Let M = (Mi x f M 2 ) x jM 3 be a sequential warped product manifold 
with metric g = (g± © f 2 g 2 ) © j 2 g 3 and also let Xi,Yi, Zi £ £(Mj). XTien 


(1) R*c(A'i,Ti) = Ric 1 (X x ,Ti) - jH[ (X x ,Ti) - (X\,Y{) 

(2 ) r*c( x 2 , y 2 ) = ra 2 (a 2) y 2 ) - / 2 ff2 (a 2 ,y 2 ) f* - ^ hJ (x 2 , y 2 ) 

(3) r*c(A 3 , y 3 ) = Ric 3 (x 3 , y 3 ) - / 2 ff3 (A 3 , y 3 ) /* 

(4) Ric(Xi, Yj) = 0,i ^ j 

A 1 f . . Hgrad 1 /!!” - A f , 

where f* = — ^-+(n 2 - 1 ) -- 77 —— and f* = —J-+(m + n 2 — 1 ) 

iff 


grad/| 

I 2 


2 


Corollary 1. The sequential warped product (Mi Xf M 2 ) XjM 3 is Einstein with 
Ric = Ag if and only if 


(1) Rzc 1 = Ag\ + jH{ + J- Hf 

( 2 ) Ric 2 = uig 2 + where to = f 2 + — j— + (n 2 — 1 ) 

(3) A1 3 is Einstein with Ric 3 = pg 3 

Wr-rL+f + («-i)l^) 


Hgracd/ir 

P 


F. Dobarro and E. Land Dozo, in ||J], established a relationship between the 
scalar curvature of a warped product M XfN of Riemann manifolds and those 
ones of M and N. In the following theorem we derive a similar result for the 
sequential warped product manifold. 


Theorem 4. Let M = (Mi x f M 2 ) x jM 3 be a sequential warped product manifold 
with metric g = ( gi © f 2 g 2 ) © / 2 <?3 and also let Ri be the scalar curvature of the 
manifold Mi while R and R are the scalar curvature of the products M = Mi x f M 2 
and M = M x j M 3 . Then 

R = Ri + R 2M - 4/(n2+1) + R 3 u - 4/( " 3+1) - , 4n2 ,, A u- , 4n3 ,, A u 

(n 2 + l)u (n 3 + l)u 


where u = /(™ 3+1 )/ 2 and u = /( n 2 + 1 )/ 2 . 
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Proof. By applying the result in on M = M x j M 3 we get that 

Ru = Ru + i?3u("3-S)/(n 3 +l) _ _i?^ A u 

n 3 + 1 

where u = /( n 3 +1 )/ 2 . Then we apply the same result on Mi x f M 2 to get 

Ru = Rm + iW” 2_3)/( ” 2+1) - —A u 

n 2 + 1 

where u = /(" 2+1 )/ 2 . Then 

Ru = - + i? 2 u (n2_3)/(n2+1) - -+A_ Au)+ i? 3 ^ ( ” 3_3)/( "' 3+1) - A u 

u \ n 2 + 1 / n 3 + 1 

= Rxu + i? 2 fm- 4/(n2+1) + i* 3 u("s- 3 )/(n 3 +i) - in2U A u- a u 

(n 2 + 1 ) u 77,3 + 1 

i.e. 

i? = i?i + i? 2 u _4/(n2+1) + i? 3 u" 4/(n3+1) - . 4n \ A u- . 4n % A u 

(n 2 + l)u (n 3 + l)u 

□ 

In (Mi Xf M 2 ) xjrM 3 , as product manifold, a curve a (t) can be written as 
a (t) = (oq (£), a 2 (t), a 3 (£)) with (f) the projections of a into Mj. 

Theorem 5. T curve a (t) = (an (f), a 2 (£), a 3 (f)) on (Mi X/M 2 ) x j M 3 is a 
geodesic if 

(!) V^Ti = / ||d 2 || = grad 1 / + /||d 3 ||* (grad/) T on Mi 

(2) V|M 2 = -2Ti (In/) T 2 + / ||d 3 ||£ (grad/) X on M 2 

(3) V 3 3 T 3 = —2Tj (In f) T 3 - 2T 2 (in /) T 3 on M 3 

Proof. Then a,; (£) is regular hence we can suppose cc* (£) is an integral curve of T) 
on Mi and so a (t) is an integral curve of T = Tj + T 2 + T 3 . Thus 

VtT = V Tl Ti + V Tl T 2 + V Tl T 3 
+Vt 2 Ti + Vt 2 T 2 + Vt 2 T 3 
+Vt 3 Ti + Vt 3 T 2 + Vt 3 T 3 

Now we apply Proposition 0 to get 

V t T = V^ 1 T 1 +2Ti(ln/)T 2 + 2T 1 (ln/)T 3 

+2T 2 (In /) T 3 + V| 2 T 2 - / 52 (T 2 , T 2 ) grad 1 / 

+V^T 3 -/ 53 (T 3 , T 3 ) grad/ 

This equation implies that 

V t T = V^Ti - /<? 2 (T 2 , T 2 ) grad 1 / - fg 3 (T 3) T 3 ) (grad/) T 
+V^ 2 T 2 + 2Ti (In /) T 2 - fg 3 (T 3 , T 3 ) (grad/) X 
+V^T 3 + 2Ti (In /) T 3 + 2T 2 (in /) T 3 

□ 
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3. Killing vector fields 

Killing vector fields have well-known geometrical and physical interpretations 
and have been studied for a long time by geometers and physicists on Riemann- 
ian and pseudo-Riemannian manifolds. Killing vector fields are vector fields on 
(pseudo-) Riemannian manifolds that preserve metric i.e. under the flew of a Killing 
vector field the metric does not change. The set of all Killing vector fields on a 
connected Riemannian manifold forms a Lie algebra over the set of real numbers. 
The number of independent Killing vector fields measures the degree of symmetry 
of a Riemannian manifold. This number is bounded above by the dimension of 
the isometry group of the standard sphere. On a compact manifold M equality is 
attained if and only if M is isometric to the standard sphere or the real projec¬ 
tive space. The problem of existence and characterization of Killing vector fields is 
important in both geometry physics. For instance, in compact Riemannian mani¬ 
folds negative Ricci curvature ensures the absence of nontrivial Killing vector fields. 
Moreover, non-positive Ricci curvature of M implies that any Killing vector field is 
parallel [SilDl irDHTDlfTDl 

In [ID] , the authors studied Killing vector fields of warped product manifolds 
specially in standard static space-times. They proves a global characterization of 
the Killing vector fields of a standard static space-time They proved a form of a 
Killing vector field on the space-time in terms of Killing vector fields of the product 
parts. Moreover, a characterization of the Killing vector fields on a standard static 
space-time with compact Riemannian parts and many other interesting results are 
given. In this section we study the concept of Killing vector fields on sequential 
warped product manifolds. 

A vector field £on a Riemannian manifold ( M,g) is Killing if 

(3.1) C c g = 0 

where is the Lie derivative in direction of the vector field £■ This is equivalent to 
say that £ is Killing if 

(3.2) 5 (V A -C,F)+ 5 (A,V r C) = 0 

for any vector fields X, Y £ X (M). By symmetry of the above equation, £ is Killing 
if 


(3.3) 


9 (V.yC) A') = 0 


for any vector fields X £ X (A/). 

Theorem 6. A vector field £ £ X ((Mi x f M2) x j A/3) is Killing if 

(1) Q is Killing on Adi, for every i = 1, 2, 3 

(2) Ci (/) = 0 

(3) (Ci + C 2 ) /= 0 


Proof. The vector field (el ((Mi x f M 2 ) x j M 3 ) is Killing by equation (13.31) if 
and only if 


g(V x C,X) = 0 

for any vector fields X £ X ((Mi x/ A/ 2 ) x j M 3 ). It is clear that 


g(XxC,X) = g(V Xl (i + V Xl (2 + V Xl (3,X) 

+9 (Vx 2 Ci + Vx 2 C2 + Vx 2 £ 3) X) 
+9 (V.Y3C1 + VX3C2 + Vx 3 C 3 > X) 
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Now using Proposition m we have 
S(V xC,X) 

= 9 (Vjf, Cl + X 1 (In /) C 2 + X x (In f) ( 3 , X) 

+9 (Ci ( ln /) ^2 + V| 2 C 2 - fgi (( 2 ,X 2 ) grad 1 / + X 2 (in f) C 3 , X) 

+9 (Ci (In f) X 3 + C 2 (In f) X 3 + V 3 y 3 C 3 - J 93 (C 3 , ^ 3 ) grad/, X) 

This implies that 

9 (VxC, X) = 9l (V^Ci, X ± ) + fg 2 (V| 2 C 2 , X 2 ) + pg 3 (V^Cs, X 3 ) 

+/Ci (/) ff2 (x 2 ,x 2 ) + /Cl (/) ff3 (x 3 ,x 3 ) 

+/C 2 (/) 53 (X 3 ,X 3 ) 

From this equation one can easily get the result. □ 

The following result will enable us to discuss the converse of the above result. 
Theorem 7. A vector field ( £ X ((Mi x f M 2 ) x j M 3 ) satisfies 
(£ CS ) (X, Y) = (C\ l 9 1 ) (Xi,Fi) +/ 2 (/£<&) (X 2 ,F 2 ) +/ 2 (£ 3 3 g 3 ) (X 3 ,F 3 ) 

(3-4) +2/Ci (/) g 2 (X 2 , y 2 ) + 2/(Ci + C 2 ) {/) 93 (X 3 , Y 3 ) 

for any vector fields X,Y € X ((Mi x/ M 2 ) x j M 3 ). 

Corollary 2. Let C G £ ((Mi x/ M 2 ) x j M 3 ) fee a Killing vector field. Then 

(1) Ci Killing on M\, 

(2) C 2 conformal on M 2 with conformal factor — 2Ci (In/), 

(3) C 3 conformal on M 3 with conformal factor —2 (Cl + C 2 ) (in/) • 

Proof. Consider equation We have the following cases 

Case 1: If X = X-\ and Y = Y \, then 

(4 5 i)(Xi,Fi) = 0 

and thus Ci is killing. 

Case 2: If X = X 2 and Y = Y 2 , then 

0 = f 2 (£ 2 2 g 2 ) (X 2 , Y 2 ) + 2/Ci (/) g 2 (X 2 , y 2 ) 

(^ 92 ) (X 2 ,Y 2 ) = —2Ci (In f)g 2 (X 2 ,Y 2 ) 

and thus C 2 is conformal. 

Case 3: If X = X 3 and Y = Y 3 , then 

0 = f 2 (£ 3 3 <? 3 ) (X 3 , Y 3 ) + 2/ (Ci + C2) (/) 93 (X 3 , Y 3 ) 

(Clg 3 ) (X 3 , Y 3 ) = —2 (Ci + C 2 ) (in f) g 3 (X 3 , Y 3 ) 

and thus C 3 is conformal. 

□ 

Theorem 8. Let C G T ((Mi x f M 2 ) x^M 3 ) be a Killing vector field. Then 
g( f,X) is constant along the integral curve aft ) = (a± ft), a 2 ft), a 3 (t)) of X 

if 

(!) Vl^Xi =/||d 2 || 2 grad 1 / + /||d 3 ||3 (grad/) T on M x 

(2) X\X 2 = -2Xi (In/) X 2 + f\\a 3 \\l (grad J)^ on M 2 

(3) V^ 3 X 3 = -2Xi (In f) X 3 - 2X 2 (In f) X 3 on M 3 . 
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Proof. The conditions (1-3) imply that aft) is a geodesic and so V.yA = 0(see 
Theorem [5]). Thus 

Xg (Cj X) = g (VjyC> X) + g (C, V.yX) 

= g(V x (,X) 

= ±(C c g)(X,X) 

= 0 

i.e. g (C,X) is constant along the integral curve of A'. □ 

A vector field ( on a Riemannian manifold M is called concircular vector field if 

V yC = liX 

for any vector field X where g is function defined on M. It is clear that 

(C c g){X,Y) = g(X x CY) + g(X,V Y 0 
= g(gX,Y)+g(X,gY) 

= 2 gg(X,Y) 

i.e. any concircular vector field is a conformal vector field. Concircular vector fields 
have many applications in geometry and physics [8]. 

Theorem 9. Let (el ((Mi x f M 2 ) x j M 3 ) be a concircular vector field, on M = 

(Mi Xf M 2 ) x jr M 3 . Then each Q is a non-zero concircular vector field on Mi if 
and only if both f and f are constant functions. 

Proof. Using the definition of concircular vector fields and the Theorem [T| we get 
that 

VxC = V.YxCl + VX1C2 + VxiC 3 + Va 2 Ci + X X2 C2 + V_y 2 C 3 + Va 3 Ci + Vjy 3 C 2 + VA3C3 

gX = Ci + X 1 (/) C 2 + Ad (/) Cs + Ci (/) *2 + V^ 2 C2 - fg 2 (X 2 , C2 ) grad 1 / 

+X 2 (/) C 3 + Ci (/) X 3 + C 2 (/) X 3 + V_y 3 C3 — fgs (A' 3 , ( 3 ) grad/ 

Suppose that both / and / are constant functions, the 

V^Ci - f 92 (A 2 , C 2 ) grad 1 / - fg 3 (A 3 , C 3 ) (grad f) T = gX x 
(3.5) V 2 Y2 C 2 + A 1 (/)C 2 + Ci(/)Ad-/53(A 3 ,C3)(grad/) ± = gX 2 

V 3 y 3 Cs + A 1 (/) Cs + A 2 (/) Cs + Ci (/) A 3 + C 2 (/) X 3 = gX 3 
Now, suppose that both / and / are constant functions, then 

V^Ci = gXi 
X x 2 C 2 = g A 2 
V a 3 Cs = gX 3 

i.e. each Q is concircular on Mi for i = 1,2,3. Now, suppose that 

V^Ci = Mi At 
V 2 y 2 C 2 = M 2 A' 2 
Aa 3 C3 = M3A 3 

Then equations 13.51 becomes 

M 1 A 1 - f 92 (X 2 , C2) grad 1 / - fg 3 (A 3 , C 3 ) (grad f) T = gX x 
92 X 2 + X\ (/) C2 + Ci (/) A 2 — fg 3 (A 3 , C 3 ) (grad/) = gX 2 

gzX 3 + Xi (/) C3 + A 2 (/) C3 + Ci (/) A 3 + C2 (/) A 3 = gX 3 
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(3.6) mXi - fg 2 (X 2 X 2 ) grad 1 /- fg 3 (X 3 ,(^ 3 ) (grad/) T = 0 

(3.7) ^ 2 X 2 + X\ (/) C 2 + Ci (/) X 2 — fg 3 (X 3 , C 3 ) (grad/)" 1 " = 0 

(3.8) fi 3 X 3 + X 1 (f )( 3 + X 2 (f )( 3 + ( 1 (f)X 3 + ( 2 (f)X 3 = 0 

These equations are true for any arbitray vector field X. Let X 3 = 0 in the equation 
13.81 then 

(Xi + X 2 ) (/) c 3 = 0 

Since £3 = 0, (A'i + X 2 ) (/) ( 3 = 0 for any vector field X\+X 2 and so / is constant. 
Now, equations 13.61 and 13.71 become 

fhXi - fg 2 (X 2 , C 2 ) grad 1 / = 0 
fl 2 X 2 + X 1 (/) C 2 + Ci (/) X 2 = 0 

Similarly, we can prove that / is constant. □ 

The converse of the above result is considered in the following theorem. 

Theorem 10. Let (el ((Mi x f M 2 ) x j M 3 ) be a vector field on M = (Mi x f M 2 )x j 
M 3 . Then C = Ci is a concircular vector field if Ci is a concircular vector field with 
factor m = Ci (In /) = Ci (in f) . 

Note that a vector field udt an open connected interval I with the Euclidean 
metic is concircular with /.1 = u. Now we can use the above theorem to get the 
following result. 

Corollary 3. Let M = I Xf (Mi x j M 2 ) be a generalized Robertson- Walker (n\ + 
n 2 + 1 )— dimensional space-time furnished with the metric tensor g = —dt 2 ® 

P (51 © P 92 ) where I is an open, connected subinterval of M, / : I —> (0, 00 ) is a 
smooth function, and dt 2 is the Euclidean metric tensor on I. Then C = udt is a 
concircular vector field on M if f is constant and u = Ci (In/). Moreover, p = it,. 
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